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Abstract —– This paper mainly describes a scalable linear equation solver in FPGA based on GaussJordan Elimination using high-level synthesis (HLS).
A C++ generator is created in this work to obtain the
HLS code for synthesis, which is able to balance area
and performance of sovler by few parameters. Compared with the traditional RTL design, it has higher
design efficiency. In the case of best performance,
the solver has time complexity of o(N). Due to the
high efficient in design, this scalable linear equation
solver also could be used as IP in another design. The
result is synthesized in NEC CyberWorkBench HLS,
and RTL synthesis in Xilinx Vivado, ZYNQ UltraScale+, and ZCU104 Evaluation Kit at 200 MHz.
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I.

Introduction

In today’s engineering applications, finding solution
to a large set of simultaneous linear equations is required for a vast variety of problems, such as Finite Element Analysis, real-time circuit simulation, and digital signal/video processing. A linear equation problem can be rearranged into a matrix form, as shown
in equation 1, where each equation becomes a row in
the matrix.
In the literature, there are two common categories
of methods for solving simultaneous linear equations:
direct and iterative.
Direct methods include LU
(lower-upper triangular) decomposition, QR decomposition, and Cholesky decomposition which can typically be used for dense linear systems [8]. Iterative methods include Jacobi, Gauss-Seidel, and relaxation iterations, which are suitable for sparse linear
systems[9]. This work focuses on dense linear systems
and considers flexible scalable implementation of the
solver in FPGA using high-level synthesis (HLS). This
can significantly improve design efficiency and make it
more convenient to use the linear equation solver as
an IP in any other application.
The simplest direct method is to use the Gauss
elimination algorithm. The Gauss elimination procedure updates the matrix continuously by applying a
sequence of basic row operations to the lower portion of the matrix until the lower left-hand corner

of the matrix becomes filled with zeros. This is also
the algorithm of LU decomposition. It does not directly output the solution of the linear equations. A
method improved from LU decomposition is also used
in some FPGA design[2], called Gauss-Jordan Elimination. Unlike the LU method, this not only eliminates the lower triangular of the matrix, but also the
upper triangular part. When only the diagonal of the
coefficient matrix is left, the solution of the equation
could be obtained.

II.

Related Work

Linear equation solvers using matrix decomposition are implemented in different forms, such as software programming, systolic array FPGA[1], block LU
FPGA[3][5], and GPU accelerator[4][6][7]. The high
availability of CPU, the high performance of FPGA,
and the efficient application of GPU to solve sparse
matrices are reasons of their widespread adoption.
Linear equation solvers using CPU focus on cache
hit. Solving linear equation problems requires reading and writing a large amount of data in a short time,
so cache hit optimization of CPU software is very important. But no matter how you optimize, there will
always be limitations, which are determined by the
characteristics of the CPU. Performance bottlenecks
will always occur when the problem size is too large.
Field programmable gate arrays (FPGAs) are one
type of semiconductor IC device that consists of a
large number of reconfigurable logic units, and many
programmable input/output blocks and interconnects.
Since the programmable logic arrays on FPGAs are
massively parallel, they naturally allow for parallel
processing of a large amount of data. So good FPGA
designs will always achieve higher performance and
energy efficiency, even if they typically operate at
only 200-300MHz. Systolic array FPGA is therefore a
great way to implement linear equation solvers. It has
the highest
Ä ädegree of parallelism in theory. But the
area is o N 2 , which makes it difficult to implement in
one FPGA for large problems. In addition, due to the
use of traditional RTL design, the build is not flexible
and works only for a fixed throughput, which often
causes excess performance when demand is low.
This work uses HLS for a scalable design and a C++
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Fig. 1. Row Operation in Gauss Elimination, Making the first
element in a row to 0, and update subsequent elements in
sequence.

Fig. 3. Row Operation in Gauss Elimination, Iteration to the
right in sequence, the left side of the matrix is the identity matrix.
On the right is the result of linear equation.

iteration, the steps in Figure 3 cannot be executed in
parallel. The row operation and column update can
be accelerated by parallel computing. Although the
number of operators can be increased to improve performance, it also requires more memory bandwidth,
which needs to be balanced.
Fig. 2. Column Update in Gauss Elimination. In the same
column, only the elements in the diagonal position are 1, and the
other positions are 0.

generator to achieve auto-optimization in synthesis.
In addition, it delivers a maximum performance of
o (N ), , same as systolic array FPGA[1]. And compared with VHDL/Verilog, since fewer lines of the
code and scalable design by generator is used, the design efficiency is significantly improved.

III.
A.

Linear Equation Solver Algorithm

IV.

Gauss Elimination
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The general system of linear equations is shown as
equation 1. It is usually solved using Gauss Elimination. Figures 1-3 illustrate the procedure of Gauss
Elimination, which is the foundation of the FPGA linear equation solver being proposed. The main tasks
of the repetitive elimination in the Gauss Elimination
procedure include three steps: row operation, column
update, iteration.

B.

Fig. 4. Triple loop of Gauss Elimination codes.

Algorithm

Each step of Gauss Elimination is a loop executing
a row operation, column update, and iteration as described in Figures 1, 2, and 3 respectively. The code
for a triple loop is shown in Figure 4. When
Ä solving
ä
for a system of linear equations of size N, o N 3 time
is required. Besides, because of data dependency in

Scalable Architecture

The proposed process pipeline for the linear equation solver is shown in Figure 5. The unroll time m
defines the degree of parallelism. When m is incresed,
the solution time for same problem size is reduced.
The pipeline stage number P defines the throughput
of the solver. When the problem size and the degree
of parallelism m are the same, increasing P improves
the throughput of the solver, it used to solve multiple
linear equation at the same time.

A.

Unroll Time and Memory Acess

The adjustment of parallelism is achieved using loop
unroll, as shown in Figure 6. When the unroll time
is set to 4, the 4 elements in red are calculated at
the same time. The unroll time is set in the HLS
code. Here, the larger the unroll time is, the higher
the parallelism and the more efficient the computation. When the unroll time is the same as the problem size, it is fully unrolled and the solver reaches its
maximum performance. Its time complexity is o(n).
However, when the unroll time is increased, higher
memory bandwidth is required for calculator access.
This limits the improvement of parallelism in large
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Fig. 7. By setting array div, the data is stored in multiple
memories to get parallel access. The figure uses 4 memories and is
able to update 4 elements at the same time.It divided memory into
4 parts by 2 times rows and 2 times columns, which is defined in
ROM-DIV = Rows:Columns = 2:2.

Fig. 5. Scalable pipeline architecture in proposed. P is the define
of pipeline stage number. m is the degree of parallelism.
Fig. 8. The throughput of process pipeline in 4-stage pipeline.

Fig. 6. Parallelize the parts without data dependency by setting
the unroll time.

scale linear equation solvers. Therefore, o(n) is usually difficult to achieve in practical applications. Determining how to adjust unroll time m and pipeline
stage number to obtain suitable performance is the
core purpose of this work.
Figure 7 shows the memory access when unroll time
is set to 4 in Figure 6. This allows simultaneous access
to four elements in the array to meet the parallel computing requirements in Figure 6. Like the unroll time,
the number of memory partitions cannot be increased
indefinitely, and it should be set with reference to the
unroll time.

B.

Process Pipeline and Throughput

The effect of pipeline stage number P is shown in
Figures 8 and 9. Figure 8 shows the process pipeline
execution time of Figure 5. For a system of linear
equations of size 8, only two columns are calculated
per stage. When the pipeline stage number increases
to 6 or 8, the architecture is shown in Figure 9. P is
defined in the generator in section V.

C.

Area Optimization

The amount of calculation in each stage of the solver
is not the same. In order to reduce waste of resources,
it is necessary to balance the amount of calculation

in each stage or the number of calculation units to
ensure that the delay of each stage is about the same.
As shown in Figure 5, the part in grey of the identity
matrix does not need data transfer and is not needed
by the calculation in the next stage. The optimized
structure is shown in Figure 10. Excess memory is
removed here (Up).
Besides, since the number of columns is also reduced, the amount of computation for row updates
is also gradually decreasing. As shown in Figure 10
(lower half ), the total amount of computation for
updates in columns 5-8 is less than for updates in
columns 1-2. Therefore, 4 stages can be optimized
to 3 stages. The throughput and latency are the same
as before. This optimization is performed in the generator in section V and is done automatically when
problem size N, unroll time M, and pipeline stage P
are defined.

V.
A.

Generator for HLS

C++ Generator for HLS Overview

Unlike traditional HLS design, our proposal uses a
C++ generator to generate HLS-specific code. This
type of design has two advantages: more freedom to
customize the scale of the solver and automatic optimization using a program.
Traditional HLS usually has special rules and cannot be directly synthesized using a general C++ program. When the construction is more complex, a large
number of functions are usually required to describe
it. We use a generator to generate these functions in
batches and automatically add HLS-specific parameters, as shown in Figure 11. The example in proposed
using different scale of function unit in each stage.
When the problem size N, unroll time M, and pipeline
stage number P are defined, the generator can output
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Fig. 9. Increasing the pipeline stage number (P) of solver will
make more linear equation to be calculated at the same time. Due
to the need for data transfer between stages, the delay time will
increase slightly. In practical applications, delay time and
throughput need to be balanced.

Fig. 11. C++ Generator for HLS

is exceeded, it is cut off for the current stage, and
the rest is moved to the next stage.
• Summarized as segmentation

Fig. 10. Balance the amount of computation between stages to
reduce the number of stage and area.

Fig. 12. When N is determined, the calculation amount of each
column update is calculated as the formula.

multiple designs for trade-off. This can significantly
improve design efficiency and facilitate the use of linear equation solvers as IP in larger-scale designs for
any application.

Call =

N
X

N (N + 1 − k)

(1)

k=1

B.

N = 8, C = {64, 56, 48, 40, 32, 24, 16, 8}, Call = 288

Area Optimization Procedure

In order to balance the amount of computation, you
first need to know the total amount of computation
when the problem size is N, and the amount of computation for each column update. As shown in Figure
12, when the k’th column is updated, the elements to
be updated are all the elements on the right, calculated by the equation in Figure 12. The totalamount
of calculation is shown in Equation 2.
For an example of size 8, the amount of calculation and total amount of calculation of column update
can be obtained as shown in Equation 2. When the
pipeline stage number is set to P, the amount of calculation is balanced in the following order:
• • Calculate the average amount of calculation per
stage, which is obtained by P and Call .
• • The amount of calculation is accumulated in
turn, and when the average amount of calculation

(2)

When the pipeline stage is set to 2 for size 8, the
average amount of calculation is 144, which is Call/2 in
equation 2. In the second step, the sum of the amount
of calculation of the first two columns is 120, and that
of the first three columns is 168. Therefore, it is cut
off at the third column, and columns 1-2 and 3-8 are
divided into two stages. It can be seen here that the
division when P is 8 is invalid. The throughput in
P=8 is limited by the amount of computation in the
first column. In this step the delay time is affected
due to the extra stage.

VI.

Evaluation and Result

The result is synthesized in NEC CyberWorkBench
HLS, and RTL synthesis in Xilinx Vivado, ZYNQ UltraScale+, and ZCU104 Evaluation Kit. The CPUs
used in our comparison are the x86 CPU Xeon E-2146
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12 cores @4.5Ghz (max is 4.5GHz) in single precision, and the ARM CPU Broadcom BCM2835 4 cores
@1.5GHz in single precision. The HLS design is synthesized at 200MHz.

A.

Synthesis Result

Table 1 shows the synthesis results for different
problem sizes. Since the example is in a small scale,
the unroll time m is set to N, same as the problem
size, which is called full unroll. It achieves the highest
performance for the same size, but it will cost a lot
of area. When the size is increased beyond a certain
point, full unroll will become impossible. To meet the
requirements of the real applications, adjustment of
unroll time will be necessary.

Fig. 13. Design purpose and latency comparison with cpu and
systolic array.

definitely bring performance improvement and area
increase. This certainty will facilitate decision-making
in practical applications. In addition, it is more convenient to be able to use the linear equation solver as
an IP to be a part of a very large-scale ASIC.

Table 2 shows the synthesis results for different
pipeline stage numbers. When problem size is the
same, increasing pipeline stage number P will significantly improve performance at the expense of latency.
Full unroll is also used in this example, which means
the unroll time is the same as problem size.
Fig. 14. Performance comparison with CPU. By changing problem
size N, unroll time M and pipeline stage number P, any scale of
solver could be synthesised for application requirement.

B.

Comparison

Figure 13 shows the latency comparison with CPU
and conventional systolic array FPGA. For the triple
loopÄ of äGauss Elimination, the CPU execution time
is o N 3 . For the systolic array FPGA, it is o (N ).
Its area is fixed and performance may be an overkill
when demand is low. And a large scale systolic array
is difficult to design. In our proposed automatically
generated HLS design, it is easy to balance between
performance and area by changing the setup parameters (N,M,P).
As shown in Figure 14, the biggest advantage of
our proposed solution is flexibility in design trade-off.
Unlike CPUs, increasing (N,M,P) of our solver will

Table 3 shows the performance comparison with the
systolic array FPGA from another paper. When the
size is small, the structure of the systolic array becomes superior. When the size increases, the advantage of the proposed HLS design gradually appears. In
larger scale designs or applications requiring flexible
design, the proposed HLS design becomes convenient.
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